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Abstract

We consider quadrangulations with a boundary and derive explicit expressions
for the generating functions of these maps with either a marked vertex at a
prescribed distance from the boundary, or two boundary vertices at a prescribed
mutual distance in the map. For large maps, this yields explicit formulae for the
bulk—boundary and boundary—boundary correlators in the various encountered
scaling regimes: a small boundary, a dense boundary and a critical boundary
regime. The critical boundary regime is characterized by a one-parameter
family of scaling functions interpolating between the Brownian map and the
Brownian continuum random tree. We discuss the cases of both generic and
self-avoiding boundaries, which are shown to share the same universal scaling
limit. We finally address the question of the bulk—loop distance statistics in the
context of planar quadrangulations equipped with a self-avoiding loop. Here
again, a new family of scaling functions describing critical loops is discovered.

PACS numbers: 02.10.0x, 05.40.—a

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Understanding the properties of random maps is a fundamental question for both the
mathematical and the physical community. In mathematics, maps raise at a discrete level
beautiful and rather involved combinatorial problems while, at a continuous level, they give
rise to new probabilistic objects, such as the Brownian map, whose construction is still under
investigation. In physics, maps are used as discretizations for fluctuating surfaces in various
domains ranging from low-energy physics, for instance in the context of fluid membrane
statistics, to high-energy physics in the fields of string theory or of two-dimensional quantum

gravity [1].

1751-8113/09/465208+44$30.00 © 2009 IOP Publishing Ltd Printed in the UK 1


http://dx.doi.org/10.1088/1751-8113/42/46/465208
mailto:jeremie.bouttier@cea.fr
mailto:emmanuel.guitter@cea.fr
http://stacks.iop.org/JPhysA/42/465208

J. Phys. A: Math. Theor. 42 (2009) 465208 J Bouttier and E Guitter

The first incursion into these problems dealt mainly with global properties of random
maps. At the combinatorial level, this amounted to a precise enumeration of various families
of maps by several methods developed by mathematicians or physicists. These include in
particular the original approach through recursive decomposition, developed by Tutte in a
series of papers [2], and the approach through random matrix integrals, which provide a
systematic and powerful machinery for enumeration [3, 4]. With this latter technique, the
study was extended to maps with possible extra statistical degrees of freedom such as spins
or particles (see [4] for a review). At a continuous level, many results such as exponents
characterizing global properties of the maps were obtained heuristically via the so-called
Liouville model [5]. Beside global properties, one then addressed the more refined question
of the actual dependence of correlations on the distance along the map. A first expression
was obtained in [6] and [7] (see also [8]) for the so-called two-point function, which gives
the law for the distance between two points on the map and more generally for the ‘loop—
loop propagator’, measuring the distance between two boundary loops at the extremities of
a cylindrical map. These results were obtained in the context of triangulations via Tutte’s
recursive decomposition approach, but at the price of heuristic arguments which, although
non-rigorous at the discrete level, led eventually to the correct continuous correlators. Apart
from this result, little remained known for quite a while on the statistics of distances in maps
or, equivalently, on the metric structure of the Brownian map, probably because neither the
recursive decomposition nor the matrix integral approach, nor even the Liouville model, is
well suited to address questions on the distance.

Fortunately, a completely new enumeration technique was then discovered, where the
distance plays a central role. It uses bijections to code the maps by much simpler objects such
as the so-called well-labeled trees, where the labels precisely retain some of the distances in
the map. This bijective approach was initiated by Schaeffer for quadrangulations (maps with
tetravalent faces only) [9] and later extended to maps with arbitrary prescribed face valences
[10], Eulerian maps and maps with particles or spins [11]. As far as distance statistics is
concerned, a first application dealt again with the two-point function, giving the law for the
distance between two vertices on the map. This law was derived exactly at the discrete level in
[12] in the case of quadrangulations of fixed area and was shown to converge to a continuous
universal scaling function, giving a rigorous proof of the expression of [6] and [7]. A related
quantity, the radius, was discussed in [13, 14]. The universal continuous two-point function is
an intrinsic characteristic of the Brownian map, a more fundamental object toward which many
families of random planar maps (falling in the universality class of the so-called 2D pure gravity,
such as maps with arbitrary bounded face degrees or maps coupled to non-critical statistical
models) are expected to converge in the scaling limit where the area of the maps is large and
scales as the fourth power of the distance [15, 16]. Transposing the Schaeffer bijection or
its extensions at the continuous level allowed us to construct this Brownian map as a random
metric space, which was shown in particular to be homeomorphic to the two-dimensional
sphere [17, 18]. Other properties of the Brownian map could be derived by first understanding
their discrete counterparts and then taking a continuous scaling limit. For instance, the statistics
of geodesics (i.e. paths of shortest length) between two points was considered in [19], and it
was shown that for typical points all geodesics coalesce into a unique macroscopic geodesic
path in the scaling limit [20, 21]. The so-called three-point function, which measures the joint
probability distribution for the pairwise distances between three uniformly chosen random
vertices, was computed exactly in [22] in the case of quadrangulations of fixed area, and its
universal scaling limit was analyzed. A remarkable property of confluence was discovered by
Le Gall [21], stating that the three geodesic paths joining three typical points on the Brownian
map merge by pairs before reaching their endpoints. Again, a complete characterization of
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the geometry of a geodesic triangle could be obtained from an exact solution at the discrete
level [23].

So far, all the above rigorous results on the distance statistics obtained via the bijective
approach dealt with closed planar maps, i.e. with the topology of the sphere. In this paper,
we extend these results to the more general context of maps with a boundary. More precisely,
we are interested in the bulk—boundary correlator, which gives the law for the distance to
the boundary of a vertex drawn at random in the bulk of the map, and in the boundary—
boundary correlator, measuring the distance between two vertices on the boundary. Note that,
in some sense, the bulk—boundary correlator lies half-way between the two-point function of
planar maps and the loop—loop propagator of cylindrical maps. Our main results are explicit
exact expressions for these correlators, already at a discrete level, in the particular case of
quadrangulations. For quadrangulations of large area n, several regimes are obtained according
to whether the boundary is small (with a length which remains finite), dense (with a length of
order n) or critical (with a length of order n'/2). We derive from our discrete results explicit
expressions for the scaling limit of the bulk—boundary and boundary—boundary correlators in
all these regimes. Most, but not all, of these scaling limits are universal and we recover in
particular some results of [6] and [7], here via a rigorous discrete enumeration. Maps with a
critical boundary are characterized by a one-parameter family of universal scaling functions,
corresponding to a new probabilistic limiting object interpolating between the Brownian map
and the Brownian continuum random tree. We first derive our expressions in the context
of quadrangulations with generic boundaries, i.e. boundaries which may have ‘pinch points’
separating the map into several components. Our results for the bulk—boundary correlator are
then extended, both at the discrete level and in the various continuous regimes, to the case of
self-avoiding boundaries where pinch points on the boundary are forbidden. For large maps,
generic and self-avoiding boundaries lead to the same scaling regimes. We finally address
the problem of planar quadrangulations equipped with a self-avoiding loop. We give exact
discrete and continuous expressions for the bulk—loop correlator, which is the law for the
distance to the loop of a vertex drawn at random in the map. Here again, for large maps, a
regime of critical self-avoiding loop is found, described by a new one-parameter family of
scaling functions.

This paper is organized as follows. Section 2 presents our main results, which are then
proved in sections 3—6. We give in section 2.1 a precise definition of quadrangulations with
a boundary and present in section 2.2 a number of explicit discrete formulae for various
generating functions encoding the bulk—boundary and boundary—boundary correlators. The
cases of both generic and self-avoiding boundaries are discussed. We then turn in section 2.3 to
the statistics of distances in large maps, for which several scaling regimes are found, depending
on whether the boundary is small, dense or critical. We give in particular explicit expressions
for various scaling functions characterizing these regimes. We finally discuss in section 2.4
the bulk—loop correlator for quadrangulations with a self-avoiding loop, both at the discrete
and continuous levels. Section 3 gives a precise derivation of our results for quadrangulations
with a generic boundary at the discrete level. We present in section 3.1 a bijection relating
these quadrangulations to cyclic sequences of well-labeled trees. This property is used in
section 3.2 to derive explicit formulae for associated generating functions. Physically, these
correspond to the bulk—boundary and boundary—boundary correlators in a grand canonical
ensemble with a boundary of fluctuating length, conjugate to a fugacity parameter z. We then
deduce in section 3.3 the corresponding fixed-length generating functions, corresponding to
an ensemble of quadrangulations with a boundary of fixed length. Section 4 is devoted to the
scaling limit of large maps with a generic boundary. We analyze in section 4.1 the singularities
of our discrete generating functions, which control the large map properties. Three different
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(a) (b)

Figure 1. An example (a) of quadrangulation with a boundary of area n = 17 and perimeter
2p = 34, which is the length of its contour (dashed green line). All faces are tetravalent, except
for the external one which has degree 2p. Upon splitting the boundary at its separating vertices,
we obtain () irreducible components (here six) which are either single edges or quadrangulations
with a self-avoiding boundary.

scaling regimes are found: a small boundary regime for z < 1/8, discussed in detail in
section 4.2, a dense boundary regime for z > 1/8, discussed in detail in section 4.3, and
finally a ‘critical’ regime for z ~ 1/8. This latter regime is best analyzed in section 4.4 in
the fixed length ensemble by considering large quadrangulations whose boundary has a length
proportional to the square root of their area. This gives rise to our one-parameter family of
scaling functions. Section 5 deals with quadrangulations with a self-avoiding boundary. We
first show in section 5.1 how to obtain an explicit formula for the corresponding bulk—boundary
correlator from the expression of its generic boundary counterpart. This property is used in
section 5.2 to analyze the large map scaling limit, which is shown to present essentially the
same three scaling regimes as above. Finally, section 6 is devoted to quadrangulations with
a self-avoiding loop. We show how to construct such quadrangulations by concatenating two
quadrangulations with self-avoiding boundaries of the same length. This property is used to
derive explicit expressions for the discrete and continuous bulk—loop correlators. In particular,
a new family of scaling functions is found, describing maps with a critical self-avoiding loop.
We end this paper by a few concluding remarks gathered in section 7.

2. Main results

This section presents a panorama of our results, which are listed without derivation. We will
then explain in the following sections how those can be obtained.

2.1. Quadrangulations with a boundary: definitions

Here and throughout this paper, we define a quadrangulation with a boundary as a planar
map with a distinguished face such that all the other faces of the map have degree 4. Such
maps are sometimes called ‘pseudo-quadrangulations’ in the literature. We use the convention
of representing the map in the plane with the point at infinity in the distinguished face (see
figure 1), which we call the external face accordingly. Note that the degree of the external
face is necessarily even.

We call the boundary of the quadrangulation the set of edges and vertices incident to the
external face. The actual sequence of edges followed when going around the external face
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counterclockwise in the plane is called the contour. The perimeter is the (even) length of this
sequence, which is nothing but the degree of the external face. The bulk of the quadrangulation
is the complement of the external face in the plane, and the number of inner faces it contains
is called the area.

Asin the usual terminology, a pointed map is a map with a marked vertex, which is referred
to as the origin, while a rooted map is a map with a marked oriented edge, which is referred
to as the root edge. Here, we will make the useful convention that a rooted quadrangulation
with a boundary has always its root edge on the boundary, with the external face incident to
its right. We also consider in the following maps which are both pointed and rooted, or maps
with are doubly rooted, in which cases all root edges are boundary edges with the appropriate
orientation.

Note that we consider here general maps which may possibly contain separating vertices
or edges (a vertex or an edge is separating if its deletion disconnects the map). In particular,
the boundary may contain such separating vertices or edges, which are those encountered
several times along the contour. When the boundary has no separating vertices nor edges,
it is said to be self-avoiding. Upon splitting at the separating vertices of the boundary, a
quadrangulation with a generic boundary is naturally decomposed into several ‘irreducible’
components that are quadrangulations with a self-avoiding boundary or possibly single edges,
arranged in a tree-like structure (see figure 1). This decomposition will later allow us to study
quadrangulations with a self-avoiding boundary using results obtained for generic boundaries,
which we present first.

2.2. Discrete results

We wish to enumerate quadrangulations with a (generic) boundary having prescribed area and
perimeter. In the following, these two quantities will usually be denoted, respectively, by n
and 2p. As customary, the results are best expressed via a generating function, corresponding
to a sum over all quadrangulations with a boundary, a given quadrangulation with area n
and perimeter 2p having a contribution g"z”. We will thus consider power series in two
variables g and z. Again, our results are here stated without derivation, which can be found in
sections 3 (for generic boundaries) and 5 (for self-avoiding boundaries).

Arguably the simplest generating function is that for rooted quadrangulations with a
boundary, already computed for instance in [24], and which may be written as

Wo =W (1l - gR*W — 1)), Q.1
where R and W are the unique power series satisfying the algebraic equations
R =1+3gR?
) (2.2)
W =1+zRW~.

The particular form of this generating function yields, by two applications of the Lagrange
inversion formula, an explicit expression for the number of rooted quadrangulations with a
boundary having area n and perimeter 2 p:

3"2p)! Cn+p-—1)!
plip—Dlnln+p+ 1’
where -|gn.» denotes the extraction of the coefficient of g"z” in the series.
In this paper, we are interested in refined quantities involving the graph distance. Our main

results are exact expressions for the bulk—boundary correlator and the boundary—boundary
correlator which are defined as follows.

Wolgrer =

2.3)
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The bulk—boundary correlator is the generating function for pointed quadrangulations
with a boundary, where the origin is at a prescribed distance, say d, from the boundary. It
reads

Wa
Gy,=1o < > 2.4
¢ Wa-i
where
1= (W —=1)fan (1 —x9)
Wi=W——-—-"—— =xr— 2.5
w1 Ji =X @
and x is the power series satisfying
x =gR>(1 +x +x?). (2.6)

A few remarks are in order. The maps considered here might have non-trivial symmetries,
and the generating function G, includes the corresponding usual inverse symmetry factor.
W, has itself a combinatorial interpretation, as the generating function for pointed rooted
quadrangulations with a boundary, such that the origin is at distance smaller than or equal to
d from the boundary, and such that the root edge starts from a (boundary) vertex closest to
the origin. Such maps have no symmetries. Finally, the expression (2.1) is consistent with
(2.5) for d = 0, while W; — W for d — oo, so that W is the generating function for pointed
rooted quadrangulations with a boundary.

The boundary-boundary correlator is the generating function for doubly rooted
quadrangulations with a boundary, such that the two root edges start from (boundary) vertices
at a distance d from each other in the map. It reads

—2(W = D)+ fra(W — 1)2) : 2.7

d+1

1
Ty = WX W — D) f (f

No symmetry factors are involved.

Let us now consider quadrangulations with a self-avoiding boundary. A classical
combinatorial argument shows that the generating function W, for rooted quadrangulations
with a self-avoiding boundary is related to W, via

Wo(g. Z) = Wo(g.2)  with  Z=zW(g.2), 2.8)
where we emphasize that W, is a power series in two variables g and Z, Z being the variable
conjugated to the half-perimeter of the self-avoiding boundary and g still being conjugated to
the area. Algebra yields

Wo =W (1l - gR*(W — 1)), (2.9)
where R is still given by (2.2) while W obeys

W=1+ZR/(1 — gR*(W — 1))~ (2.10)

By double Lagrange inversion we find the number of rooted quadrangulations with a self-
avoiding boundary having area n and perimeter 2p

Gp)! Cn+p—-1!
P!Cp—D!(n—p+D!In+2p)!
Note that for self-avoiding boundaries we have the constraint 1 < p < n + 1. The bulk—
boundary correlator, defined in the same way as for generic boundaries, reads

Wolgrzr = 3"

@2.11)

Q¢

W, — Wy +1 _ .
d:log(&’—i’) for d > 1, Go=Wo—1, (2.12)
Wd_l—W()+1
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where

”d=1xw+%—1. (2.13)
Wo 1—=(W-=0Dfa

Again the generating function G involves symmetry factors, unlike W, which has the same
combinatorial interpretation as W, now in the context of quadrangulations with a self-avoiding
boundary. We have not been able to find a compact expression for the boundary—boundary
correlator for self-avoiding boundaries.

2.3. Distance statistics in quadrangulations with a boundary

From these above exact expressions, we may now derive statistical information on distances
in quadrangulations with a boundary. More precisely, we consider random quadrangulations
with a boundary having prescribed area n and perimeter 2 p, where each sample map appears
with a probability proportional to its inverse symmetry factor. We are particularly interested
in the large n limit, for which we expect to find asymptotically the same results as with
the uniform measure. Until further notice we consider generic (possibly non-self-avoiding)
boundaries.

It proves convenient to consider first the fixed z ensemble where the area remains fixed
equal to n but the perimeter fluctuates, and each sample map with perimeter 2 p appears with
probability proportional to z” (besides the symmetry factor). This model is well defined (has a
finite partition function for all n) for 0 < z < 1/4. The above generating functions correspond
to observables related to the distance. The bulk—boundary correlator encodes the distance
between the boundary and a random vertex uniformly drawn in the bulk. The probability that
this bulk—boundary distance be d is (G4|s)/(log W|gn), while the probability that it be less
than or equal to d is nothing but (log Wy|,»)/(log W|g). The boundary—boundary correlator
encodes the distance between (the origins of) two edges uniformly chosen on the boundary.
The probability that this boundary—boundary distance be d is (Ty|g")/ (ZZd% Wol gn).

Forn — oo, the model exhibits a phase transition at z = 1/8, which might be seen simply
by analyzing Wy

— when z < 1/8 (subcritical regime), the perimeter remains finite as n — oo,
— when z > 1/8 (supercritical regime), the perimeter is of order n and, up to Gaussian
fluctuations of order n'/2, it concentrates around its mean value 2(p),(z) with

8z —1
1—4z7’

— when z ~ 1/8 (critical regime), the perimeter is of order n'/2.

(P)n(@) ~n (2.14)

We will be especially interested in the critical regime, and for this case only we will
perform the translation back to the fixed perimeter ensemble, considering quadrangulations
with a boundary having fixed (large) area n and (large) perimeter 2 p, keeping the renormalized
half-perimeter P = p - n~'/? finite. Let us now discuss the manifestations of the transition on
the distance statistics, as seen by analyzing G, and T, Table 1 gives a qualitative summary
of the asymptotic behavior for the perimeter, the bulk—boundary distance and the boundary—
boundary distance in the various regimes.

In the subcritical regime, the bulk—boundary distance is of order n'/* and admits a
continuous limit law which does not depend on z (provided that it is in the subcritical range
10, 1/8[), and whose (cumulative) distribution function reads

3 log WLDnl/ﬂ |gn 2 /OO . _g2 2
®(D) = lim =228 — _— d § F(D; —£2), 2.15
(D) = lim log W1, = Eike ( &) (2.15)
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Table 1. Scaling behavior of the perimeter; the bulk—boundary distance and the boundary—
boundary distance, when the area n becomes large while z is fixed, for the three different regimes.

Bulk—boundary = Boundary—boundary = Universality

Perimeter  distance distance class
z < 1/8 Finite n'/4 Finite Brownian map
z>1/8 n Finite n'/? Brownian CRT
z~1/8 nl? n'/4 n!/ Brownian map with a boundary
where
F(D;p) =1 (2.16)

1+ 3
sint? (/3 u1/4D)

We recognize the universal two-point function of pure 2D gravity [6, 7] also obtained in
the case of quadrangulations without a boundary [12]. This result agrees with the physical
intuition: upon rescaling distances by a factor n~!/4, the boundary reduces to a point which
behaves no different from a typical point in a large random quadrangulation. Mathematically,
the metric space obtained in the scaling limit is expected to be the Brownian map. In contrast,
the boundary—boundary distance remains finite and admits a non-universal discrete limit law
with a computable, albeit complicated, expression.

In the supercritical regime, the bulk—boundary distance remains finite at large n and admits
a non-universal discrete limit law, whose cumulative distribution function reads

logWalg (1 = (e (@)™ (1 = (et (2))™*)

D= Tog Wi, ~ (1% @ DA+ @@ S
where
_1_./ 2 _
xen(e) = "= VHG 2D 2.18)

2(1 —4z)
The boundary-boundary distance is of order n'/? and admits a continuous limit law. Using

the square root of the mean half-perimeter (2.14) as a distance unit, we find the Rayleigh
probability density function

_ T, | g
Poound. (8) = lim | —2APRELE /i) () ) = 2577, (2.19)
n— 00 ZZEW()lg”

which coincides with the two-point function for the Brownian continuum random tree [25].
The (Brownian) CRT is expected to be the limiting metric space obtained when rescaling
distances by a factor n~!/2. The physical interpretation is that, in the supercritical phase, the
boundary becomes ‘dense’ in the quadrangulation and folds onto itself, creating a branched
structure.

In the critical regime, both the bulk—boundary and boundary—boundary distances are of
order n'/#. Both admit continuous limit laws, which are best expressed in the (critical) fixed
perimeter ensemble. On the one hand, the bulk—boundary distance cumulative distribution
function reads

10g WLDn]/AJ

8"zl

®(D, P)

1m
n— 00, p~Pnl/2 IOg W|guzp

i

=2/Pel/ /oo d& § e EH(D, P; —&Y), (2.20)
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®(D,P)

3 D

Figure 2. Plots of the cumulative distribution function ®(D, P) as a function of D, for P = 0.01,
0.1, 0.5, 1.0, 2.0 and 5.0 (thin lines from bottom to top). We also indicate (thick red line) the
(integrated) two-point function ® (D).

where
—JEP

_ e o0 K .
H(D,P;M)EW{1+(3¢ﬁ—2f2(D;u))/0 dKe 7 Zf(D"‘)KZK}

f(D; p) = \/g/ﬂ/“ coth (@W“D) ) (2.21)

It is plotted in figure 2 as a function of D, for P = 0.01, 0.1, 0.5, 1.0, 2.0 and 5.0. As we will
show later, for P — 0 we recover the two-point function ® (D) (shown in red on figure 2),
while for P — oo the rescaled bulk—boundary distance is of order P~/ and ®(D, P) takes
the simple scaling form

&(D, P) ~ tanh? (L DV/P) (2.22)

consistent with the supercritical law (2.17) for z — 1/8*. On the other hand, the boundary—
boundary distance probability density function reads

= . T[D ]/4J|gn »
pbound.(Dv P) = lim % . n1/4
n—)OO,pNPnl/Z ZZEWO gnzr

4
=3p7 e DYP{(2D3 —3DP)+(4D*P — 2P%) 0, (D, P)+ 2D P0y(D, P)},
(2.23)
where
2eP /4 poo )
o1(D, P) = j_P / dsie—f“lf”fw; —£%)
T o0 1
(2.24)

P2/4 e8] s SiEp 2 5
deé Ze 5" D; —
J7P ) & oe I %)

and f (D, u) is given by (2.21). It is also natural to measure the boundary—boundary distance
in units of ,/p which amounts to introducing the variable § = D/ V'P. The corresponding
probability density Ppound. (8, P) is plotted in figure 3 for P = 0.5, 1.0, 1.5, 2.0, 3.0, 5.0, 10.0.

02(D, P) =
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ﬁ;)()ul( 6’ P )

nd.

)

Figure 3. Plots of the probability density phound. (8, P) as a function of the rescaled distance
§ = D/«/ﬁ for P = 0.5, 1.0, 1.5, 2.0, 3.0, 5.0, 10.0 (thin lines from bottom to top). We also
indicate the Rayleigh law of equation (2.19) (upper blue thick line) corresponding to the limit
P — oo and the non-trivial law of equation (2.25) (lower red thick line) corresponding to the limit
P — 0.

When P — oo we precisely recover the Rayleigh density (2.19), while for P — 0 we have
the particularly simple but non-trivial expression:

S0 2
Dbound. (8, P)‘”—J’E e % (356 +288% + 12685 + 387). (2.25)

We emphasize that all these expressions are expected to be universal (up to a possible
rescaling of the distance and perimeter) and are intrinsic to the metric space obtained in the
scaling limit. More precisely, up to a change of the distance scale, we have a one-parameter
family of random metric spaces indexed by the (renormalized) perimeter P. It might be called
the Brownian map with a boundary. Note that P is not homogeneous to a distance but to its
square, an indication that the fractal dimension of the boundary is 2. The Brownian map with
a boundary interpolates smoothly between the Brownian map, recovered for P = 0, and the
Brownian continuum random tree, recovered in the limit P — oo. Note that when P — 0,
we observe a deviation from the Brownian map statistics for small distances of order /P
(corresponding to finite values of § above).

Let us now briefly mention the results for quadrangulations with a self-avoiding boundary.
Observe that the generating functions W, and G, are related to random quadrangulations
with a self-avoiding boundary in exactly the same way as W, and G, are related to random
quadrangulations with a generic boundary. A parallel approach can thus be followed. Here
Z denotes the activity per unit of half-perimeter. There is now a phase transition at Z = 2/9
which is expected to be in the same universality class as the above. From the exact expressions
for Wy and G, we can show that

—for Z < 2/9, the perimeter remains finite as the area n tends to infinity, while the
bulk—-boundary distance is of order n'/# with the same limit law (2.15),

— for Z > 2/9, the perimeter is of order n and concentrates around its non-universal mean
value, while the bulk—boundary distance is finite and has a non-universal discrete limit
law,

— for Z ~ 2/9, the perimeter is of order n'/2, while the bulk—boundary distance is of order
nl/4,

10
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In this latter case, we may as well consider the critical fixed perimeter ensemble and compute
the bulk—boundary distance cumulative distribution function. We find the same expression as
in (2.20) up to a factor of 3 in the renormalized perimeter P (see details in section 5.2). This
is a first non-trivial check of the universality of our analytical expressions.

2.4. Application to self-avoiding loops

Another interesting application of our exact discrete results is that they allow us to study
the statistics of distances in quadrangulations with a self-avoiding loop. More precisely, a
self-avoiding loop is a closed path made of consecutive edges of the quadrangulation, which
is simple, i.e. visits any vertex at most once. We consider planar quadrangulations with a
distinguished oriented self-avoiding loop (and no boundary: all faces have degree 4). The area
is the total number of faces, while the loop length is necessarily even. Again we consider a
statistical model where the area n is fixed, where the loop length 2 p may either be fixed or be
controlled by a weight y”, and where in all rigor we need to incorporate the inverse symmetry
factor, irrelevant for n — oco. This is a particular instance of the so-called O(N = 0) model
on a random lattice, slightly different from those studied with matrix model techniques [26]
where the loops would run on the dual map.

The connection with quadrangulations with a boundary is easily seen. Upon cutting along
the loop, a quadrangulation with a self-avoiding loop yields two quadrangulations with a self-
avoiding boundary, constrained to have the same perimeter. The orientation of the loop allows
us to distinguish these two pieces as left and right, and we clearly have a bijection preserving
the total area. We can therefore express a number of generating functions for this problem
in terms of the generating functions found above. For instance, the generating function for
quadrangulations with a self-avoiding loop and a marked vertex on the loop reads

o(g, ) = Y y"(Wo(g, D)z, (2.26)
p=l1
where g is the weight per face while ,/y is the weight per edge of the loop. More generally,
we may consider the generating function for quadrangulations with a self-avoiding loop and a
marked vertex at distance d from the loop and lying on its right. It reads

Tu(g.y) = Y y'Wo(g. 2)|20Gu(g. Z)|2» (2.27)
p=1

if the configurations are counted with their inverse symmetry factor. Constraining the marked
vertex to be on the right of the loop ensures that both expressions are consistent for d = 0, and
by symmetry it causes no loss of generality. Statistically, I'; encodes the bulk—loop distance,
i.e. the distance between the loop and a random vertex uniformly drawn in the bulk. In the
following sections, we provide more explicit (yet slightly involved) expressions for Wy|z» and
G|z», easing the task of deducing the bulk—loop distance statistics for maps of large fixed
size n. To sum up our results, we find a phase transition at y = 4/81.

— For y < 4/81, the loop length remains finite as n — oo, and the bulk—loop distance is of
order n'/* with a distribution again characterized by the two-point function (2.15). The
physical interpretation is that the loop remains microscopic and is thus irrelevant in the
scaling limit, where distances are rescaled by a factor n~14 and which is still described
by the Brownian map.

— For y > 4/81, the loop length is of order n and the bulk—loop distance is finite. The
physical interpretation is that the loop becomes dense in the quadrangulation. We however
lack evidence that the scaling limit (on a scale n!/?) is still described by the Brownian
CRT, though this hypothesis is plausible.

11



J. Phys. A: Math. Theor. 42 (2009) 465208 J Bouttier and E Guitter

®(D,P)
1

4
0.5 1 1.5 2 2.5 3 D

Figure 4. The cumulative distribution function ®(D, P) as a function of the bulk—loop distance
for a self-avoiding loop of (rescaled) half-length P = 0.01, 0.1, 0.2, 0.5 and 1.0 (thin lines from
bottom to top). We also indicated (thick red line) the limiting two-point function ® (D).

— For y ~ 4/81, the loop length is of order n'/? and the bulk—loop distance is of order n'/4.

Here again we are most interested in this critical case, and the results are best expressed
in the ensemble where both the area n and the loop length 2 p are prescribed, and jointly taken
to be large keeping the ratio P = p - n~'/? finite. The scaling law for the bulk—loop distance
cumulative distribution function reads

| Dn'/4) .
a k=0 nyp
d(D, P) = lim = _&r
( ) n—o00,p~Pnl/2 Z,‘:‘;OFk anyp
18P3T gpr [ & o »
= V- de ~e™* H(D, P; —£%), 2.28
1+18P2 /_Oosie ( 5 (228)
where
(D, P 3 e3P
JPip)=3—(1+
( ) n(3p)4( ND)
© K2 .
X {1+(3¢ﬁ—2f2(D; u))/ dKe—w—zf(D~ﬂ)K2K}. (2.29)
0

It is plotted in figure 4 for P = 0.01, 0.1, 0.2, 0.5 and 1.0. When P — 0, @D(D, P) — ®(D)
as expected while, when P — oo, D is of order P~1/2 and we have the scaling form

(D, P) ~ tanh’® (,/3D VP). (2.30)
The scaling function ®(D, P) is expected to be universal, and characteristic of a model of

self-avoiding loop on a Brownian map.

3. Quadrangulations with a boundary: combinatorics

We now come to the derivation of the expressions given in section 2.2 for the various generating
functions concerning quadrangulations with a generic boundary. Our approach is based on
a bijection with simpler objects, namely sequences of well-labeled trees, as discussed just
below.
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Figure 5. An example (a) of pointed quadrangulation with a boundary. We have labeled each
vertex by its graph distance from the origin (vertex with label 0). Adding (b) to each face an
unlabeled vertex and connecting it to those labeled vertices followed by a smaller label clockwise
within the face, we end up (c¢) with a particular labeled mobile whose unlabeled vertices all have
degree 2, except for that associated with the external face, which has a degree equal to half the
perimeter of the quadrangulation. The labels around this vertex satisfy the property (P) of the text.

3.1. Bijection

A quadrangulation with a boundary is a particular instance of a bipartite planar map. As
such, it may be coded by a so-called well-labeled mobile, as explained in section 2 of [10]
(see figure 5). More precisely, the coding is for a pointed map (i.e. a map with a chosen
origin vertex). The associated mobile is a plane tree with alternating labeled and unlabeled
vertices. The labeled vertices correspond to the original vertices of the map and they carry
an integer label equal to the graph distance in the map from the corresponding vertex to the
origin. The unlabeled vertices of the mobile correspond to the faces of the map and their
degree is half the degree of the corresponding face in the map. Around each unlabeled vertex
v, we have the following property (P): reading the sequence of labels of vertices adjacent to v
clockwise around v, any label € is followed by a label larger than or equal to £ — 1. Finally,
the mobile has a minimum label equal to 1. For quadrangulations with a boundary of length
2p, all the unlabeled vertices of the associated mobile necessarily have degree 2, except for
that associated with the external face, which we call the external vertex and whose degree
is p. Those bi-valent unlabeled vertices may be erased, giving rise to edges which connect
the labeled vertices directly. The property (P) may then be rephrased into the property (P’)
that labels on adjacent labeled vertices differ by at most 1. The resulting object is therefore
a collection of p well-labeled trees, i.e. trees with labeled vertices satisfying (P’), attached
to the external vertex by their root vertices, whose clockwise sequence of labels satisfies (P)

13
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Figure 6. The well-labeled mobile of figure 5(c), where we erased the bi-valent unlabeled vertices
(a), may alternatively be viewed (b) as a set of well-labeled trees satisfying the property (P’) of the
text, attached at each descending step of a (counterclockwise-oriented) cyclic sequence of integers
(green outer circle) reproducing precisely the distance from the origin of the successive vertices
along the contour of the quadrangulation (as apparent in figure 5(a)).

around the external vertex (see figure 6(a)). An equivalent but more convenient coding of
the sequence of these p root labels around the external vertex is via a cyclic sequence of 2p
non-negative integers such that consecutive integers differ by £1 (see figure 6(b)). In this
coding, the root labels simply correspond to those integers which are followed immediately
by a smaller integer in the cyclic sequence, and the property (P) is automatically satisfied.
Moreover, the cyclic sequence of integers corresponds precisely to the distance to the origin
of the successive boundary vertices along the contour (see figure 6(b)).

To summarize, we have a bijection between, on the one hand, pointed quadrangulations
with a boundary and on the other hand cyclic sequences of non-negative integers such that
consecutive integers differ but 1, with a well-labeled tree with root label £ attached to each
descending step £ — £ — 1 of the cyclic sequence, and with the requirement that the global
minimum label be 1. Under this bijection, we have the following correspondences.

— The total number of edges for all the well-labeled trees is equal to the area n (the number
of inner faces) of the quadrangulation.

— The label of any vertex is equal to the distance to the origin of the corresponding vertex
on the map.

— The (even) length of the cyclic sequence is equal to the length 2 p of the boundary.

— The successive integers in the cyclic sequence are equal to the distance to the origin of
the successive boundary vertices along the contour. In particular, the smallest integer d
in this cyclic sequence is the smallest distance found between the origin and a vertex of
the boundary, i.e. the distance from the origin to the boundary.

We may transform the cyclic sequence of non-negative integers into a Dyck path (0 =
Lo, Ly, ..., lap_1, £z, = 0) by reading the sequence from one of its minima and subtracting
d from all the integers (see figure 7). To each descending step £; — ¢; — 1 is now attached
a well-labeled tree with root label ¢; + d. Note that the cyclic sequence may have several
minima, and choosing a particular minimum amounts to marking a boundary edge d — d + 1
with, say, the external face to the right.
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Figure 7. Opening a cyclic sequence of non-negative integers at one of its minima d results into
a Dyck path (0 = £o, £1, ..., £2p—1, £2p = 0) by subtracting d from all integers in the sequence.
To each descending step £ — € — 1 of the Dyck path is attached a well-labeled tree with root label
£ +d, resulting in a weight zR 44 for the descending step if we demand that all the original labels
be larger than 1.

3.2. Basic generating functions

We now wish to compute the generating function for pointed quadrangulations with a boundary,
where a map with area n and perimeter 2p comes with a weight g"”z”. Under the bijection,
this weight simply amounts to a weight g per edge of the well-labeled trees and a weight z per
descending step of the cyclic sequence of integers, or equivalently of the Dyck path.

A first ingredient is the generating function R, for rooted well-labeled trees with a root
label £ > 1 and with the condition that all the labels on the tree be larger than or equal to 1.
This generating function was computed in [12] and reads

[£]c [€+3],

=R——— % | 3.1
CT e+ 10, [+ 2], G-
where we use the notation
1 —x*
(£l = I (3.2)
—x
and where the quantities R and x are solutions of
R =1+3gR? x =gR>(1+x +x?), (3.3)
namely
R— 1—-J1—-12g
=
8 (3.4)

1 —24g— JT—12g+/6y/72¢2 +6g + /T — 12g — |
= 2065+ VT -128— 1) '
We can now express the generating function W, for Dyck paths with a well-labeled tree
with root label ¢; +d attached at each descending step £; — ¢; — 1, and with a global minimum
label larger than or equal to 1. This generating function reads

ZEDY > [T zRuw (3.5)

[7>0 Dyck paths of length 2p descending steps
(0=£0,L1 2 =0) G—ti—1

with a conventional weight 1 for the trivial Dyck path of length 0. We have the recursion
relation

Wi =1+2ReiWaWa, (3.6)
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as obtained by decomposing any non-trivial Dyck path into its first ascending step 0 — 1,
a path from 1 to 1 with all intermediate heights larger than or equal to 1 (weight W, as
obtained by a simple shift of labels), its first descending step 1 — 0 (weight zR;,1) and a final
Dyck path (weight W,).

We may look for a solution of this equation in the form

d+2],V,
W, = W[ 1 Van ’ 3.7)
[d+3], Vi
with W and V; to be determined. Substituting this particular form in equation (3.6) leads to

the equation

Wd +2], Vier = [d +3], Vg +zRW?[d + 1], Vyso. (3.8)
This relation is satisfied (for arbitrary R and x) upon taking

Vi=1+xrx? (3.9)
provided that we choose W and A such that

W =1+zRW?

W(=x2+21x) = (—x> + 1) + ZRW?(—x + Ax?), (3.10)
namely

W:—l_m, =W DX G.11)

2zR l—x(W—-1)

Plugging this last expression back in (3.9) and (3.7), we end up with the desired solution
[d+2], [d+3],—x(W—-1[d+1],

Wa= W3, * a2l —x(W=Ddl,
—-w L_l)fd“, (3.12)
W=D/

where W is explicitly given in terms of g and z as

3g —/9g% — 6g(1 — /1 —12g)z

W= 3.13
1 —-41-12g)z G-
while we introduce the compact notation
fo = x 2k (3.14)
[d+2],

with [-], defined above. In particular, we have f, = 0 and f; = gR>. Note that W, depends
on the variable z only through the quantity W. In particular, for d = 0, we find
Wo =W — g RE(W — 1)) (3.15)

which agrees with the known generating function for rooted pseudo-quadrangulations [24].

To go from Dyck paths back to cyclic sequences of integers, we simply have to identify the
Dyck paths differing only by the choice of an instance of the smallest integer in the sequence.
We note that equation (3.6) may be alternatively written as

Wy = Z(ZRdH Wai)", (3.16)
>0

where (zRz41 Wye1)F is nothing but the generating function for Dyck paths with exactly k
returns to 0. Cyclic sequences are then enumerated by

1
D 7 @Ra Wan) = log Wa, (3.17)
k>1
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where we use the convention of counting configurations with an inverse symmetry factor. A
given configuration made of a cyclic sequence with its attached trees may only have a cyclic
symmetry group Z,, (with m being a divisor of the number of minima k), and is then counted
with a weight 1/m.

So far, in the configurations counted by log W,, we imposed only that the global minimum
label be larger than or equal to 1. To impose that this minimum label be exactly 1, as required
by the bijection, we must suppress those configurations with a minimum larger than or equal
to 2, whose generating function is obtained from the previous one by a simple shift of all
labels by —1, i.e. is given by log W,_;. In particular, we deduce that the generating function
G, for quadrangulations with a boundary and a marked vertex at distance d from the boundary
is simply given by

Wy
Gy =lOg<W > (3.18)

d—1

Again, configurations with an m-fold symmetry around the marked vertex are counted with a
factor 1/m.

As for the original quantity Wy, it is the generating function for quadrangulations with
a boundary, with a marked vertex at a distance less than or equal to d from the boundary
(the origin) and with a marked ‘closest edge’ to this origin, i.e. a boundary edge incident to
a vertex at distance d from the origin and oriented counterclockwise around the bulk of the
quadrangulation. Note that such pointed rooted maps cannot have any non-trivial symmetry.
Finally, we may also interpret log W, as the generating function for pointed quadrangulations
with a boundary whose origin is at a distance less than or equal to d from the boundary.

As discussed in section 2, we are also interested in the generating function 7, for
quadrangulations with a boundary having two marked (and distinguished) boundary edges
oriented, say counterclockwise around the bulk of the quadrangulation, such that the origins
of these marked edges are at a mutual distance d on the map. Taking the origin of the first
marked edge as the origin of the map, we get under the bijection a cyclic sequence of integers
with minimal value 0. The first marked edge defines a first step 0 — 1 at which we may start
reading the cyclic sequence, leading to a Dyck path with a well-labeled tree with root label ¢;
attached to each descending step ¢; — ¢; — 1. Marking the second boundary edge amounts
to choosing a step d — d £ 1 in the sequence, i.e. to choosing a point of height d in the Dyck
path (for d = 0, this point must be different from the last one). Upon decomposing the Dyck
path into a first ascending part from O to the marked point d and a second descending step
from d to 0, we get the expression

Ty = WoWi - Wy X (WazRy)(Wa_12Ra-1) - - (W1zR1) Wy
= (WoW; - W)’z (RiRy -+ Ry), (3.19)

valid for d > 0. For d = 0, the actual decomposition yields 7y = Wo2 — Wy. From now on,

we will assume d > 0 when referring to 7,;. Upon substituting the expression (3.12) for Wy,
we get

s ([d +3], —x(W = D) [d +1],)°
(31 [d + 11, [d +3],

_ 2 _ d 1 _ _ _ 2
= W2 = D' fi (= =20V = D+ foa (W= 17). (3.20)

d+1

T, = WX (W =1)

17



J. Phys. A: Math. Theor. 42 (2009) 465208 J Bouttier and E Guitter

3.3. Fixed length generating functions

As we have already noticed, the quantities W,; and T; depend on z only via the quantity W as
given by equation (3.10), which we may rewrite as

w
=— 3.21
‘T RA+w)? (-21)
upon introducing the notation
w=W-—1. (3.22)

In this respect, W, and T, are the so-called Lagrangean generating functions, i.e. for which we
can apply the Lagrange inversion theorem [27]. This means that we may extract an explicit
expression for the z? term of these generating functions. More precisely, the z? term expressed
as a contour integral in the variable z around 0 may be transformed by the change of variable
Z — w into a contour integral around 0 of the variable w, namely

dz 1 dw 1 _
Upon expanding (3.12) in w = W — 1, we get the expression
Wa=(1+ w)(l —w (farr — f) )_(w fd>’”>. (3.24)
k>1

Taking the contour integral (3.23) of this quantity, we immediately get

_ 2p _ 2p B _ 2p _ 2p k1
Wal» = R” (p) <p_1> (fari fd)];«p_k) (p_l_k))m)

2p)! : 2p)!
=er{—( ANy AP A pp— <2k+1><fd>k-1}. (3.25)
k=1

pl(p+1)! — (p—k)!(p+k+1)!
By a similar calculation, we easily obtain
Q2p —1)! Po@p-1)! . .
logWy)|l, =RP {2 2y 22 77 — 3.26
(log Wa)l. { o ; ot (e = (fa)') (3.26)
for p > 1. For d = 0, we get in particular
2p)! @2p)!
Wolor = RP— 2 _(p+2—3pfi) = R"— " _ 24 p(2— R)) (3.27)

pl(p+2! pl(p+2)!
with R given by (3.4). A second application of the Lagrange inversion formula, now for the
variable g, yields

3"2p)! Cn+p-—1!
Wolger = P P (3.28)
pl(p—D!nl(n+p+1)!
for p > 1. On the other hand, for d — oo, we have W; — W, with
2p)!

pl(p+D!

W, = R? (3.29)
so that

Wi = ( _3’1‘(?1))! (2n'+p— n! (3.30)
p Wp+ 1! nl(n+ p)!

for p > 1. The quantity Wy|gn» is the number of quadrangulations with area n and boundary
of length 2p, where we have marked one of the 2p boundary edges on the contour. The
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quantity W /g is the number of the same quadrangulations with additional markings of one
of their n + p + 1 vertices (at some arbitrary distance from the boundary) as well as of a
particular boundary edge closest to this vertex. The quantity
Wiger 2p  2p
Wolgrp n+p+1  p+1

(3.31)

measures therefore the average number of boundary edges closest to a uniformly chosen

random vertex, for the ensemble of quadrangulations with area n and perimeter 2 p. Note that,

surprisingly, this average number is independent of n (and its value thus matches that obtained

for n = 0, where quadrangulations with a boundary reduce to plane trees with p edges).
Finally, we may write (3.32) as

wq

Td=(1+w)2f1<f

d+1

— 2w 4 wi*? fd+1> (3.32)

so that we get

_ 1 2p+1 2p+1
ne =i ((77)-(00)
) G
p—1—d p—2—d p—2—d p—3—d

:2Rpf1{(d+l) 2p+1)!
a1 (p—d)!(p+d+2)!
. 2p+ D! Q2p+ D!
2 ) a3y e T v s 4)!} ' (3-33)

By a slight refinement of this calculation, we can compute the generating function T (s, s”)
for quadrangulations with a boundary of length 2p = s + s’ with two marked boundary
edges whose origins are separated by s steps counterclockwise along the contour and s’ steps
clockwise, and are at a mutual distance d on the map. We find

Ty(s;s') = Rm/fl{fl

C(s,d)C(s',d) — C(s,d)C(s', d +2)
d+1

- C(s,d+2)C(s’,d)+fd+1C(s,d+2)C(s’,d+2)}, (3.34)

Cls.d) = <;) _ (ﬂs_ 1). (3.35)
2 2

This result holds when d, s and s” have the same parity, while T, (s, s”) vanishes otherwise.

where

4. Quadrangulations with a boundary: asymptotics

4.1. Critical lines

In order to describe the statistics of distances in large quadrangulations, we have to analyze the
singular behavior of the various generating functions above. More precisely, the asymptotics
for a large area n is encoded in the singularity reached at the radius of convergence in g of
these generating functions. It is simpler to work first with a fixed value of z, corresponding to
the fixed z ensemble mentioned in section 2. A first singularity is associated with the singular
behavior of R and x, as given by equations (3.3) or (3.4), when g approaches the critical value

=1 4.1
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irrespectively of the value of z. This is the dominant singularity for z < 1/8 while, for
z > 1/8, another singularity comes from the singular behavior of W, as given by equations
(3.10) or (3.11), when z R approaches the value 1/4, which defines the critical line

gh@=1az(1-42) (=1/3). (4.2)

Since gc(fi)t(z) < 1/12, this second singularity is dominant (i.e. determines the radius of
convergence) whenever z > 1/8.
The radius of convergence therefore changes determination at

Zerit = §- 4.3)

As we shall see below, the generating functions have very different scaling behavior when z
is smaller or larger than z. As discussed in section 2, this is the manifestation of a drastic
change in the geometry of large quadrangulations with a boundary at this critical value.

4.2. Scaling limit: the z < 1/8 regime

Let us first discuss the case z < 1/8 for which the generating functions have radius of
convergence gc(r]i)t = 1/12. We may analyze the associated singularity by setting

g= 10— pe 4.4

with € — 0. A sensible scaling limit for W, is obtained by considering large distances of the
form

d=De ', (4.5)
with D finite. We then have the following small € expansions:

fa=1=2f(Di ) e+ @D ) =3/ e+

(4.6)

fon =1=2f (D) e+ 6 (D p) = 6/ €'+,
where we define

FDiw) = /3 coth (/3 D). @.7)
We also have the expansion

W=A@) —zA' @) Jue?+- - (4.8)
where we define

1 -+/1-82
AR) = ———. 4.9)
4z

Plugging these expressions in (3.12), we obtain the expansion

Wa=A@ - FD;wzA' @€+, (4.10)
where we introduce the notation

F(Di ) = 2(f2(Ds ) — /i) = Vit | 1 (4.11)

3
+
c12 (/3
sinh (\/;ul/“D)
We may alternatively derive (4.10) by using the explicit form (3.25) of W,|,» and expanding
it at small €. Using the expansion

R:2(l—\/ﬁ61/2+-~-), (4.12)

20



J. Phys. A: Math. Theor. 42 (2009) 465208 J Bouttier and E Guitter

we obtain that

_ Cp! i Cpt
Wd'zl’ _2p{—p!(p+1)! ﬁé (p—l)!(P‘i'l)!
2 £2(D: 1) —3 "y @p)! 2k +1
—QfAD; p) =3/ e kX:]:(p—k)!(p+k+1)!( +1)¢+---
2p)!
P = p F DR e, @19

Upon summing over p with a weight z”, this reproduces precisely the expression (4.10).

Note that the ‘kernel’ F(Dj; u) occurring in (4.13) is independent of p. For p = 1,

quadrangulations with a boundary of length 2 are equivalent, upon closing the boundary,

to rooted quadrangulations, i.e. quadrangulations with a marked edge. The kernel F(D; )

is therefore the same as that encountered in [12] when deriving the continuous two-point

function of planar quadrangulations from the generating function of rooted quadrangulations.
We may repeat this analysis for the quantity log(W,). We have the expansion

A/
2 A'(2) 2y

logW,; =logA(z) — F(D; n) (4.14)
A(z)
or the equivalent expansion
2p — 1!
(bgW@hp=2”L£——l{1—p]XD”Uéﬂ+~~} (4.15)

(rhH?
From the above singularity analysis, we may deduce the bulk—boundary distance statistics
when z < 1/8 in the ensemble of quadrangulations (with a boundary) with a fixed area n, in
the limit where n — oo. Indeed, we may extract the contribution to W, or log W, of these
quadrangulations by a contour integral around 0 in the variable g. At large n, this translates
into an integral over a real variable £ upon setting (see [12] for a more detailed discussion)

_ 1.7 (4.16)
T\t ) '
We may indeed write at large n
dg 1 12" [ 2
7§ S~ / a> ey (1+0(£)). (4.17)
2im gl N J_ o 1 n
Setting
d=Dn"* (4.18)

with D finite, we may use the expansion (4.10) with € = 1/n and u = —£? and deduce that
at large n

A2 v [ dsiE e F(D: —2
Walgn zA'(2) d§i§ e F(D; —§7) (4.19)
n3? _OO

since the first (regular) term A(z) in the expansion (4.10) leads to a vanishing integral in £ by
parity. In particular, for D — oo, we have F(D, —£2) — —i£ and we obtain

w 12" A 4.20

lgr WZ (2), (4.20)

which may alternatively be obtained directly from the general expression (3.30).
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Similarly, we obtain from (4.15) that
12" zA'(2) o0
3 AR )
12" zA'(z)
2/mn AQz)
The ratio of these quantities tends at large » to a finite quantity

®(D) = % / i dsige S F(D; —£2) (4.22)

which is the (cumulative) distribution function for D giving, in the ensemble of pointed
quadrangulations with a boundary, the probability that the distance to the boundary of the
marked vertex be less than D. In the regime z < 1/8, this distribution function is independent
of z and identical to the two-point function of the Brownian map [6, 7, 12]. This follows
from the fact that, in the regime z < 1/8, the length of the boundary does not scale with n
but remains finite at large n. This property can be measured as follows: as we have already
noticed, the generating function Wy counts quadrangulations with one marked edge along
the boundary. To remove this marking, we must consider instead the generating function
foz dz/(Wy(z") — 1)/(27'), so that the average half-perimeter reads

(Wo(2) = Dlgr

log Wlgn ~ deig e F(D; —£2)
4.21)

log Wign ~

<p>l’l(z) = fOZ dZ/ WO(;’)_] |g,, (4'23)
From (3.28), we immediately get that, at large n,
12" p
(Wo(2) = Dlgn ~ WZ(Z A(2)) (4.24)

so that (p),(z) tends to the finite value
2(z A(R))" 47
(Phn(2) = ] =
ZAR)Y -1 (1-82)1—-+1-82)
Let us now consider the boundary—boundary distance statistics for z < 1/8. When
g — 1/12, a sensible scaling limit is now obtained by keeping d finite in T,. This is consistent
with the fact that the perimeter itself remains finite and d < p obviously. For finite d, we now

have the expansion
d+1 ([@d+1)d+2)

fani = 7 T3 Ve P+0(E (4.26)
while the expansion (4.8) still holds. Using (3.32), we obtain
_ARQUE+2) - @+ DA®R)?
- 3(d+1)(d +3)
In particular, T; decays exponentially with d as exp (—d/£(z)) with a correlation length

1
0= A — 1

If we now wish to compute the large n behavior of the term 7|4, we have to extract the
singular part of T, which requires continuing the expansion (4.27) up to order /2. This
yields a rather complicated and non-universal expression which exhibits the same exponential
decay in the distance d.

To conclude, the regime z < 1/8 is characterized by a perimeter which remains finite at
large n and by boundary—boundary distances which also remain finite and are governed by
a non-universal probability law with an exponential decay. This is to be contrasted with the
bulk—boundary distances, which scale as n'/* and are governed by the universal two-point
function of the Brownian map.

(z < 1/8). (4.25)

T (A@R) — D (1+0(e)). (4.27)

(4.28)
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4.3. Scaling limit: the z > 1/8 regime
Let us now discuss the situation z > 1/8, and more precisely 1/8 < z < 1/4. In this regime,
we have a dominant singularity of the generating functions at géfi)t (z) and we set

g =gm@1 —ve) (4.29)
with € — 0. We then have the expansions

1-4
W=2(1- —Zﬁel/2+--~
8z—1

—1=./ 2 _
X = Xxait(z) +O(e) with  xeie(z) = = 12(1 _3 Et(zg)Z) D' (4.30)
(2)

Here xt () is the value of x, as given by (3.4), for g = g.,(2). Keeping d finite, the generating
function W, has the expansion

2
Wd_z(l _xéir-i‘—lz)(l-'-xéir-i‘—lz) _2 1_4Z (1 _‘xcdr-:—tl)(l _xéll‘-;—tz) «/561/2"'"' (4 31)
- d+3 d+1 \ 2 :

(1 - xcr‘i'—t )(1 +xcr‘i+t ) 8z —1 (1 — xgr‘l?)(l +xgr‘i}1)
with xcrif = Xerit(2) as above. We therefore find in this case a simple square root singularity in

(g((:fl)t — g). This singularity (i.e. the term proportional to /v €'/2 in (4.31)) may be obtained
alternatively from the behavior of W|,» at large p. Indeed, from (3.25), we have at large p

(4 R)P { kl}
—— = (far—f2) ) Ck+1)fa)
ﬁps/z ;

(4 R)p (1 _xd+1)(1 _ xd+2)2

- ﬁp3/2 (1-— xd+3)(1 +xd+1)2 '

Upon summing over p with a weight z”, the p-dependent prefactor gives rise when4 Rz — 1

(which happens precisely when g approaches géi)t (z) as in (4.29)) to a square root singularity

—2J/1—4Rz~ -2/ —472)/(8z — 1)\/v €'/2, while x simply tends to its value x.q (z) at

g = géfﬁ(z). We therefore recover the singular behavior in (4.31) from the contribution of
large values of p.

As in the previous section, we can consider quadrangulations with a fixed and large

number n of inner faces. This is done again by performing a contour integral in g and setting

_ @ &
g=8m@ 1+ PR (4.33)

We may indeed write at large n

@\ oo 2
7{4_8 Ly~ (gen@) © / & & et (1 +0 (i)) L @3
2im gt mn oo i n

Using (4.31) withe = 1/nand v = —{2, we obtain that

Wl ~ (em@) " T4z (1—x&) (1-x&2)° Wi ~ (gem@) " [T—4z
dlg" ﬁi’l3/2 8z —1 (l—xd*3)(1+xd”)2 ’ g" ﬁl’l3/2 8z — 1 .

crit crit
(4.35)

Walzr ~

(4.32)

As for log W, we have the expansion

_ (1 —x&2) (1 +x612) L—dz (L=xg ) (L= x&0) ~ 1p
logW"‘l"g(z(l_xd+3)(1+xd+1) Ve (et () VT

crit crit crit crit
(4.36)
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Figure 8. Plots of the (non-universal) cumulative distribution function ¢, (d) for z approaching the
critical value 1/8 from above, namely z = 0.13, 0.126, 0.1255 and 0.1251 (dotted plots from left
to right). Beside each plot, we display the corresponding (universal) limiting scaling form (solid
line) of equation (4.40).

with a singular part which can be alternatively read off the large p behavior

“R)” k k
(log Wy)|zr ~ —32{1—22((fd+1> — (f)")
27 p¥ k1
_ (4 R)p (1 _ xd+l)(1 _ Xd+2) 137
2@ P32 (1 + x4 (1 + xd¥2) 37
We immediately deduce the leading behavior
log Wyl ~ (@) " [T=4z (1xei) (1—xe?)
e ~

§ 2ymn32 N 8z — 1 (1+x&!) (1+x2i) 4.38)

oo W, - Em@) " T4
e Wle ~ 5 i Vg =1

Taking the ratio log Wy, / log Wy|,», we deduce the large n asymptotic expression ¢, (d)
for the probability that the distance to the boundary of the marked vertex be smaller than or
equal to d in the ensemble of pointed quadrangulations with a boundary, namely

(1 = Geerie@)H (1 = (rerie(2))?)
(1 + Geerit (@) (1 + (Xerie(2))442) 7

with d finite and x.:(z) as in (4.30). This function is expected to be non-universal. However,
when z approaches the critical value 1/8, we have

¢.(d) = (4.39)

¢ (d) ~ tanh® (d B(2)) with  B(z) =2v3,/z — L. (4.40)

and we expect that, except for the precise value of g, the above scaling form is universal.
The function ¢, (d) is plotted against its scaling form (4.40) for z = 0.13, 0.126, 0.1255 and
0.1251 in figure 8.
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From the exponential growth with n of Wyl,», and from the general formula (4.23), we
now have at large n
d -1
(P ~ 1 % g () - (86 (2))
8z —1
1—14z
More precisely, the probability of having a prescribed value of p is proportional to
Wolgrz»z” /(2p). Using the explicit form (3.28) and expanding it at large n with p o n, we find
that, asymptotically, this probability tends to a Gaussian distribution peaked at p = (p),(2)
as above, and with width /n (1 — 4z)/+/4z.
Let us now consider the boundary—boundary distance statistics in the regime z > 1/8.
From the expression (3.32) and the expansion (4.30), we see that a sensible scaling limit is
now obtained by taking d large as

d = De'/? (4.42)

=n X

(1/8 <z < 1/4). 4.41)

with D finite. Using f; = gR? ~ (1 —4z)/(122) at leading order in € and f;,; — Xeit(z) for
large d, we obtain that, in the scaling limit (4.42),

1 —4z
T, ~ (8 - -) e 2V i VD, (4.43)
Z

We can again consider the fixed n ensemble by performing a contour integral in g. Taking
d = Dn'/?, we now get

@) ()" o
Td|g,INM<8_1>/ 4o £ ooee VD

00 1

mn <
) —n
i 1 1—-4 _ 14z 2
— (gc l(Z)) 8 — — ) x < De zl;zjl D . (444)
ﬁn 4 8z —1

To have a proper probability density, we must multiply this quantity by the infinitesimal step
n'/2d D and normalize it by the generating function of quadrangulations with two marked
edges on the boundary, given at large n by

d d [(gGh@)™" [T—4 1
2z —Wplen ~ 2z — 1 ——
Zdz olg ZdZ { JTn3? 8z — 1 2z
(@) —n
i [8z—1 1
~ (gCrlt(Z)) Z 4— —\. (445)
Jrnl2 V1 -4z 27

We obtain finally the probability density

1-— 4Z o D2 % )
8z —1

Here ppounda. (D)d D measures the probability that the two marked edges on the boundary be at a
distance in the quadrangulation in the range [ D, d +d D], in the ensemble of quadrangulations
with two marked edges on the boundary. It is natural to measure the boundary—boundary
distance d in units of the square root of the average half-perimeter (p),(z), as given by (4.41).
This is done by introducing the variable

d 1—4z
S = =D , (4.47)
8z—1 8z —1
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which remains a finite quantity in the scaling limit. The probability density for the variable §
follows simply from (4.46) and reads

oun: ( ) I oun 1 ( )

This probability density is independent of z and, as announced in section 2, is identical to the
two-point function of the Brownian continuum random tree [25], i.e. a simple Rayleigh law.

To conclude, the regime z > 1/8 is characterized by a perimeter which is proportional
to n at large n and governed by a Gaussian law peaked at its average value (4.41). The
distance of a point in the bulk to this boundary remains finite and is governed by the non-
universal distribution ¢, (d) above. The boundary—boundary distance is of order n'/? and, when
measured in natural units given by the square root of the average perimeter, is characterized
by the universal two-point function of the Brownian continuum random tree.

4.4. Scaling limit: the critical regime

Let us finally discuss the vicinity of the transition point z = z.j = 1/8. A sensible scaling
limit is now obtained by setting

g=150—pe)
=31 —ppe'’?) (4.49)
d=De ',

where d may now stand for both the bulk—boundary distance (as in W) and the boundary—
boundary distance (as in 7). Using the expansions (4.6) and the expansion

W=2(1—/pp+J/me’*+..), (4.50)

Wy =2(1 — H(D; i, pug) €* +--), (4.51)

we get

where
Up — /I/2
Vs +Jm+ f(D; )

with f(D; u) given by (4.7). The scaling function H(D; i, ttp), obtained here by a direct
scaling limit of the discrete expression (3.12) for W,, can be obtained alternatively as the
solution of a nonlinear differential equation as follows: using the expansion for R, (as obtained
for instance via (4.13) for p = 1 since Ry = Wy|,1)

Ri=2(1-FD;we’?+--) (4.53)
with F(D; ) given by (4.11), and expanding the recursion relation (3.6) at order €!/2 with
W, as in (4.51), we get the equation

OpH(D: . fup) = HA(Ds pu, i) + F(D: ) + pp = 0. (4.54)

The expression (4.52) for H(D; p, ip) is then the unique solution of this equation satisfying

H(00; i, hB) = /1B + /I, as required by (4.50). We may also relate our expression to the
result of [6] and [7] by introducing the quantity

G*(D; i, up) = 0pdyu, H(D; , up). (4.55)

This is indeed the continuous counterpart of the generating function considered in [6] and [7]
(in the slightly different context of triangulations) corresponding in our language to pointed

H(D; p, up) = f(D; ) +

(4.52)
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rooted maps with a boundary where the origin-boundary distance has a fixed value De~!/4

(hence the operator dp) and where the root edge lies anywhere on the boundary (hence the
operator 9,,,). With our explicit expression for 7, it is easy to check that G* satisfies

ApG* = =20, (KG*) with K = K(u, up) = (MB - %ﬁ) Jus+ . (456)

This is precisely the equation used in [6] and [7] to determine G* and the two-point function.
We have finally the expansion

log Wy =1log(2) — H(D; w, up) €/ + . (4.57)

The regime (4.49) corresponds to typical values of the perimeter of order € "'/, Rather
than fixing © g, we may alternatively work directly with a fixed value of the half-perimeter p

being of order e ~'/2, i.e. consider our fixed length generating functions of section 3.3 and set
g = 15(1— pe)
p=Pe /2 (4.58)
d=De V4,

Upon setting k = K €~!/4, the expression (3.25) translates into

% ~ *H(D, P; ) with
- e ViF 2 oo —E2 (DK
D, i) = —— {1+(3¢ﬁ—2f (D: M))/O dK e~ 5 2/ 21(}. (4.59)

The scaling functions  and ¥ are then simply related by

1 [ e VIP _
. — / - —pnpP _ .
H(D3 M, H’B) - MB+\/E+2,/0 dpe™ (ﬁP3/2 H(D9P9 H/)) (460)

For small P, we have in particular

_ N 1
AD, Py ) =" Tapa VP )1+ POV =2 Dy ) + )

1
Note that, as could be expected, this small P behavior matches precisely the large p behavior

of Wy|,» obtained in the regime z < 1/8 for finite p, as given by (4.13). For large P, we get
instead

) e ET 3 VI —2fHD; )
H(D, P; w) TP <1+ 2f%(D; w) )

e VEP 3
:Wtamh2 Eul/“D . (4.62)

Again, as expected, this expression matches precisely that obtained for Wy|,» in the
regime z > 1/8, as given by (4.32), upon considering the scaling limit p = Pe~!/2,
R =21 — ﬁel/z), d =DeVandx =1 - \/E,ul/“el/“. As for log W,, since, up
to a factor of 1/2, it has the same singularity as W,, we have
log Wd|zz)
Y
This behavior can alternatively be obtained by taking directly the scaling limit of (3.26).

~ A, P; ). (4.63)

27



J. Phys. A: Math. Theor. 42 (2009) 465208 J Bouttier and E Guitter
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Figure 9. Plots of the cumulative distribution function ®(D, P) as a function of the scaling
variable D+/P in the regime of large values of P (thin solid lines) and their comparison with
the limiting scaling form of equation (4.67) (thick blue line). The plots represented here are for
P =1.,2.and 5., from left to right.

We can now turn to the fixed n ensemble, with » large and in the critical scaling regime
p=Pn'? (4.64)
with P finite. We then get a cumulative distribution function

_ i

d(D, P) =2/Pe" foo dg § e ¥ H(D, P; —&Y), (4.65)

which measures the probability that a vertex chosen uniformly at random in the quadrangulation
be at a rescaled distance less than D from the boundary. This distribution function is plotted
in figure 2 for P = 0.01, 0.1, 0.5, 1.0, 2.0 and 5.0. For fixed P and small D, we have the
expansion

&(D,P)=3PD* - 3(PP—1)D*+ .. (4.66)

For fixed D and small P, using (4.61), we immediately see that (D, P) — ® (D) as expected.
This property is illustrated in figure 2. Note that the small D and small P limits do not
commute.

On the other hand, when P is large, using (4.62) and evaluating the integral over £ by a
saddle point estimate, we deduce that

&(D, )" tanh? (2D VP). (4.67)
This property is illustrated in figure 9 for P = 1., 2. and 5.

Concerning the boundary—boundary distance, using the expression (3.33), we get in the
scaling regime (4.58) the limiting expression for Ty|,,:
Td |Z” 8 €7ﬁ L %
~ _E—
87 3 JmpP2
It is natural to measure the boundary—boundary distances in units of ,/p, i.e. write d = 8,/p
or equivalently

D = §/P. (4.69)

{2D?—3D P)+(4D*P—-2P%) f(D; w)+2D P2 f2(D; n)}.  (4.68)
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In the variable §, equation (4.70) translates into

Td|zp 8 € —VHP— 8
g 35 JmP?

At small P, we have the expansion

L {(28°=38)+(48> =2V P F(NPS; W)+28 (NP fF (VP8 )3} (4.70)

—5? 3,955 3 5,257
Tyl.» P»OS e (8+283)—55+68 +28 ,LLP2+358+288 +125°+36 T
8p 3 \/_PZ 10 105
4.71)
while at large P, we have
Tyl.r P>oo ViFP 2
;LZPP” A e ef (25 +...). (4.72)

We turn finally to fixed values of n and p, in the critical scaling regime n — oo with
the ratio P = p/n'/? fixed. Using (4.70) with € = 1/n and u = —&2, multiplying by the
elementary step n'/*d D and normalizing by 2p Wj|gn.», which behaves as

2pWolgrzr 127

o e AP, (4.73)
mn

we get a critical probability density for the rescaled boundary—boundary distance D = d-n~"/*:
Poowna (D, P) = e P/P{(2D* —3DP)+(4D*P— 2P*)01 (D, P)+ 2D P20,(D, P)}
9 eP?4 oo £ ,
ith D,P)= dé e ¥ HEP F(D; —£2
wi o1(D, P) J7P ) §-e f(D; =§%)
P4 oo £ S

D’P = d —e_E-HSP 2D;—2. 474
02(D, P) N §- JH(D; =§7) (4.74)

As before, it is natural to measure the boundary distances in units of ,/p, i.e. write d = §,/p
or equivalently D = §+/P. We find for § a probability density

Poound. (8, P) = 4 e (26 —38)+ (45> —2)61(5, P) +286,(8, P)}

o P?/4 00

JTNP d& %e*z““’ﬂsﬁ: —£2)

o _26P2/4 © & —E24EP 2 . g2
62(8, P) = 7 dg e £V P; —£2). (4.75)

This probability density is plotted in figure 3 for P = 0.5, 1.0, 1.5, 2.0, 3.0, 5.0 and 10.0.
At small P, we find in particular from (4.71) that

with 518, P) =

-0 2 2
Pbound. (8, P)P—>OﬁeﬁS (358 +288% + 128° + 387). (4.76)
At large P, we have the simple result

Pround. (8, P) 3287 (4.77)

Repeating the above analysis for the refined generating function Ty(s,s’) of
equation (3.34), we have access to the refined probability Ppoung. (5, u, P) that the vertex
of the boundary at rescaled distance 2Pu (0 > u > 1) along the boundary from a given
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vertex (chosen uniformly at random on the boundary) be at rescaled distance §+/P in the
quadrangulation from this vertex. This probability density reads

52

Prown. (8.0, P) = = J; 2 g e 2007 201 -w)
+28(8%—4u(1—u))61(8, P)+48*u(1—u)6,(8, P)}. (4.78)
We have in particular, for small P,
2
Phound. (8, u, P)" 3’ ! e M ﬁ{70 +218% +38* —42u(1 —u)(8* +5)} (4.79)

6./ u2(1 — u)3/2 140
while, for large P,

, 2
Pooo 1 8 e duw

Poound. (8, u, P) — 207 w2 (1—u)32

A simpler characterization of the distance in the quadrangulation of two boundary vertices
at distance 2 Pu along the boundary is through the corresponding average value

(4.80)

{(8(u))p E/ d3 8 Poound. (8, u, P). (4.81)
0

This average value is plotted in figure 10 for P = 0.5, 1.0, 1.5, 2.0, 3.0, 5.0 and 10.0. For P
small, we get in particular

(5(u)>,,"3>0%, / @{35 +21u(l — u) + 366> (1 — u)?} (4.82)

while, for P large, we have

Sy p >4 @ (4.83)

To conclude, quadrangulations with a boundary display an interesting scaling behavior when
both the number n of inner faces and the length 2p of the boundary become large, keeping
the ratio P = p/n'/? fixed. In this regime, the bulk—boundary distances scale as n'/# and
are characterized by a universal distribution function ®(D, P) which interpolates between
the (cumulative) two-point function of ® (D) the Brownian map for small P to a simple tanh?
function in the variable D+/P at large P. As for the boundary—boundary distances, they scale
as the square root of the perimeter and are characterized by a universal probability density
Poound. (8, P) which interpolates between the two-point function of the Brownian continuum
random tree when P is large to the small P expression (4.76). Note that this latter formula,
even if it looks rather involved, is expected to be universal, and so are the formulae (4.79) and
(4.82).

5. Self-avoiding boundary

5.1. Generating functions

So far, we have considered quadrangulations whose boundary may contain separating vertices
or edges, corresponding to vertices or edges encountered several times along the contour. We
may instead consider quadrangulations with a self-avoiding boundary, i.e. demand that the 2p
vertices (and consequently the 2p edges) along the contour be all distinct. We shall denote
by W, the generating function for quadrangulations with a self-avoiding boundary having a
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Figure 10. The average value (§(u)) (measured in units of V'P) for the distance in the
quadrangulation of two boundary points at rescaled distance u (measured in units of 2P) along
the boundary, here for P = 0.5, 1.0, 1.5, 2.0, 3.0, 5.0 and 10.0 (thin lines from top to bottom).
The plots interpolate between two limiting laws (thick lines): the non-trivial (but universal) law of
equation (4.82) for P — 0 and the simple semi-circle law of equation (4.83) for P — oo.

marked vertex at distance smaller than or equal to d from the boundary, and as before with
a marked ‘closest edge’, i.e. a boundary edge incident to a vertex at minimal distance from
the marked vertex and oriented counterclockwise around the bulk of the quadrangulation.
As before, when d = 0, these markings reduce to the choice of a boundary edge oriented
clockwise around the bulk. In W, we weight each configuration by a factor g per inner face
and a factor ~/Z per edge of the boundary. For convenience, we decide to also add to the
configurations counted by W, the empty configuration (weight 1) and the configuration with
p = 1 and n = 0 (weight Z) corresponding to a single edge embedded in the external face,
although the boundary is not self-avoiding in this case. In other words, we take the convention
that Wy| ¢0 = 1+ Z in the following. With this convention, it is easy to check that we have the
combinatorial identity

Wo(g. 2) = Wo(g, Z) with  Z = zWl(g, 2). 5.1

Indeed, considering the root edge in any (non-empty) configuration counted by W,, with
the external face on its right, it belongs to some irreducible component which is either a
quadrangulation of non-zero area, with a self-avoiding boundary of length, say 2p, with
po = 1, or a single edge (po = 1) if the root edge is a separating edge (see figure 11 for an
illustration). The configurations in the latter case are counted by zW§ (g, z), while those in the
former case are counted by (Wo — 1 — Z)|z» x (zWg (g.2))" since we may attach to each
vertex of the self-avoiding boundary of the irreducible component a configuration counted by
Wo(g, 7). Summing over py, we end up with the relation (5.1).
For d > 0, we have the slightly different relation

Wa(g,2) — Wolg, 2) = Wo(g, 2) (Wa (g, Z) — Wo (¢, 2)) with  Z = zWj(g.2).
(5.2)
Indeed, W; — Wy counts configurations with a marked vertex strictly in the bulk of the
quadrangulation, at distance less than or equal to d and with a marked closest edge.
The marked vertex belongs to one particular irreducible component and its distance to the

whole boundary is equal to its distance to the self-avoiding boundary of this component. The
most general configuration is then obtained by attaching to each vertex of the self-avoiding
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v~ m ~ Wo(g,Z)
— 2 (W&2)
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Wo(g,2)

$~ @ 0 W—O(iZ)z”O(Wg,Z))wo
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Figure 11. A schematic picture of equation (5.1). In any rooted quadrangulation with a boundary,
the root edge selects a particular irreducible component (middle component in magenta) which
may be either a single edge (a) or an irreducible component with non-zero area and self-avoiding
boundary of perimeter 2pg. The other irreducible components may be reassembled into (possibly
empty) quadrangulations with a generic boundary attached to each of the two endpoints of the
edge (case (a)) or to each of the 2 pg boundary vertices of the selected irreducible component (case
(b)). These attached quadrangulations are naturally rooted and each of them gives rise to a factor
Wo(g, 2)-

boundary of the irreducible component a configuration counted by Wy(g, z), leading again to
the effective weight Z = zWO2 in the generating function for the irreducible component (see
figure 12 for an illustration). Finally, the marked closest edge on the original configuration
starts to form a particular closest vertex on the self-avoiding boundary which in turn selects
a closest edge on the self-avoiding boundary, leading eventually to W, — W,. The marking
of the original closest edge induces a splitting in two parts of the contour of the configuration
attached to the marked closest vertex on the self-avoiding boundary, resulting in an extra
multiplicative factor Wy(g, z) in (5.2).

It is more natural to consider configurations without a marked closest edge. In the case
of a non-self-avoiding boundary, this was done by changing W, into log W,. Here, we find
that suppressing the marking of the closest edge results in replacing the generating function
W, by a modified generating function

W, =Wy — 1 +log(Wy — (Wo — 1)). (5.3)

The proof of this relation is sketched as follows. It is equivalent to exhibiting a generating
function S, such that

Wa—(Wo—1) =) (S

k>0

. 1
Wi—Wo—1) =3 ("

k>l

(5.4)
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QA & > (Wo(g.2))
D oy ADwes
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Figure 12. A schematic picture of equation (5.2). In any pointed-rooted quadrangulation with
a boundary counted by W; — W), the origin vertex lies strictly in the bulk of some particular
irreducible component (middle component in magenta), with the self-avoiding boundary of
perimeter 2pg. The other irreducible components may be reassembled into 2 py naturally rooted
quadrangulations with a generic boundary attached to the 2py boundary vertices of the selected
irreducible component. One of these quadrangulations contains the originally marked closest edge,
inducing a natural splitting in two parts (upper components in dark red) which results in an extra
factor Wy(g, 2).

Combinatorially, both left hand sides are generating functions for pointed quadrangulations
with a self-avoiding boundary, such that the origin-loop distance is between 1 and d, with
an additional marking of a closest boundary vertex in the first case (note that the markings
of an edge or of a vertex are equivalent of self-avoiding boundaries). Clearly, we shall look
for a decomposition according to the number k of such closest vertices. A possible way is
to decompose the map into k ‘slices’ by cutting along each leftmost geodesic from a closest
vertex to the origin; see figure 13. Each slice is itself a quadrangulation with a self-avoiding
boundary and has three distinguished vertices on the boundary: two of them, say v and v,,
correspond to two clockwise consecutive closest boundary vertices in the original map and
the third, say vs, is the point where their outgoing leftmost geodesics merge (note that v is
not necessarily the origin). Furthermore, the slice contour consists of three segments (v;v;),
(vpv3) and (v3v;) of non-zero length, and the following properties hold within the slice:

— (v3vy) and (vyv3) are geodesics of the same length ¢, hereafter called the depth of the
slice, with 1 < £ < d,

— there is no other geodesic from v, to v3 (due to our convention of cutting along leftmost
geodesics),

— all vertices on (v;vy) distinct from v, and v, are at distance strictly larger than £ from vs.

Let S, be the generating function for slices satisfying the above characterization, with a weight
g per face and +/Z per edge of (v;v,). Then, we have a bijective decomposition of the original
map into a linear or cyclic sequence of slices, depending on whether a closest boundary vertex
is marked or not. Note that the slices obtained in the decomposition do not necessarily have
the same depth, and that the maximal depth is equal to the origin-loop distance. Omitting
further details of the proof, the identities (5.4) are established.

The generating function for pointed quadrangulations with a self-avoiding boundary with
origin-boundary distance equal to d is

Gyg=W,-W,_,, Go= W, =Wy —1, (5.5)
which yields the formula (2.12) announced in section 2.
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U, 0,
\ Y, \
Figure 13. A schematic picture of the decomposition of a pointed quadrangulation with a self-
avoiding boundary, whose origin lies strictly in the bulk and with k closest vertices on the boundary
(here k = 7), into k slices, as defined in the text. From each closest vertex on the boundary (red
dots), we draw the leftmost geodesic path to the origin (blue circle). Note that these geodesics
cannot cross but may merge before reaching the origin (as in v3). This splits the quadrangulation

into k triangular slices whose depths are generally different, with the maximal depth being equal
to the origin-boundary distance.

Let us now derive explicit expressions for W, and Wg}~ From (5.1) and from the general
expression (3.15) for Wy, we immediately deduce that

Wo(g. 2) =W — fi (W—1)), (5.6)
where
W=W(g, 2)=W(g, z(g, 2)) with  z(g, Z) given implicitly by

Z =z2(8. Z)W;(g.2(8. 2)) = 2(8. 2)W;(g. Z). (5.7

Writing these equations as
W =1+2(g, Z) RW?

Z =z 2)Y W1 — fi(W—1)))* (5.3
and eliminating z(g, Z), we deduce the relation
W —1 -
Z=—F—0-fAW- 1) (5.9)

which determines W as a function of g and Z. As for W, for d > 0, we deduce from (5.2)
and from the general expression (3.12) for W, that

1 » 1 — (W =1 fa
I—fiW-1  1—-(W-Dfy
with W related to Z as in (5.9) . Note that the quantity W, depends on Z only via W but that,
unlike generic boundaries, W is not the limit of W; for d — oo. Finally, we have

1 » 1= (W —=1)fon
1—-fiW-1  1-W-Dfy

Wi(g, Z) = +Wy—1 (5.10)

W;(g,2)=10g< )+Vv0—1. (5.11)
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As before, W, and VNV,; are Lagrangean generating functions and we may extract an explicit
expression for their Z” term. Writing (5.9) as

Z = E(1 — fim)? (5.12)
R

upon introducing the quantity

w=Ww-1, (5.13)
we may easily transform any contour integral in the variable Z into a contour integral in the

variable W, namely

dz 1
2im Zr+l

div 1 1-3fiw
g 2_ 7 p+1 (1 f ~)2p+1 {} (5'14)
17T W — J1w

{}=R
Using (5.6), which we write as
Wo=U+m)(1 — fim), (5.15)

and fi; = g R?, we obtain

~ Bp —3)! D
— 3yp -
Wolzr = (gR7) 12p — D) (gR2 +2 3p> (5.16)

for p > 1, and Wy|, = 1. Extracting the g" term of the right-hand side, we deduce the
equivalent formula

- 3p)! 2n+p —1)!
Wolgize = 377 (3p) @nrp-D! (5.17)
plCp—D!'n—p+1)!n+2p)!
validforalln > 0,1 < p <n+1.
As for W, we get upon expanding (5.10) in @ = W — 1 the expression
W, = 1—a - o £ )+ Wo — 1 5.18
g 1_f1w( @ (fan fd>;(wfd> ) 0 (5.18)
from which we deduce
3p—k 3p—k
- 3p 3p (p—k)_ (p—l—k) k—1
Walze = (gR?)” < )—2( )—( —f)) ()
alz 8 » ool Jani— fa é (¢ RO fa

+ WQ|ZI7 — (Sp,()

s Gp)! v Bp=R @+
= (gR >P{—p!(2p+1)! (fari m; —oiapsD! G R P }

+WO|Z” —(Sp’(). (519)

By a similar argument, we have

)4
Gp — 1! _22(3p—k—1)! 1
p!(2p)! — (p=h)'2p)! (g RH
+ Wolz» (5.20)

Wilz» = (gR)? { ((fas)* — (fd)")}

forp > 1.
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5.2. Critical behavior and scaling limits

As before, the generating functions W, and W[} have a first singularity at g = 1/12,
irrespectively of the value of Z. A second singularity comes from W which, from (5.9),
is singular when

eRZ=1 (5.21)
This equality may occur only when Z > 2/9 and it defines a critical line g = gi(Z), with

Zeit(Z) = S((4+92)V16Z +92% — 9Z(4 +32)) (Z >2/9). (5.22)
For Z > 2/9, we have g.i(Z) < 1/12 so that this new value determines the radius of

convergence in g of W,. As before, we have a change of determination of the radius of
convergence at the critical value

Zerit = 3, (5.23)
corresponding to a transition between two differently behaved regimes.
To study the regime Z < 2/9, we set as before

g=10—pe

d— Dl (5.24)
and we use the expansion (5.19) to get
Wl = Wolze—8, 0+ ( 2 p{ﬂ(l—3 JEE)
dlzr 0lzr —90p,0 3 P2p+1)! p
Bp —k!
2f%(D; w3 VRN e 2k +1
— QXD W) -3V € Zj(pkwwly<+>}
- 2\"  @p)! I
= Wolzr—8 =) ———{1-3p F(D; TR 5.25
olzr p,0+<3) p!(2p+1)!{ pFD;p e+ (5.25)
Here we have used the identity
3p—k 3p)!
Z 3k Gp —K)! Qk+1) =3 __Gp (5.26)
(p—=0)!2p+D! (p—=D!@Zp+1)!

obtained by writing the summand on the left-hand side as a; — oy, with o = 3K (3”] X kl l).
Similarly, we have

. N 2\" 3p—1)! "
Wd|Zﬁ =W()|Zp+<§> W{l—?’p .7:(D, M)E +} (527)
forp > 1.
Finally, from (5.16), we have
i 2\" (3p—3)!
Wolzr =2z ) ——————{1+0O 5.28
olz (3> p!(2p—l)!( +0(e)) (5.28)

for p > 0 and Wo|z = 1. Summing (5.25) over p with a weight Z?, we obtain
Wy = Ag(Z) + A(Z) —3ZA(Z) F(D; p)e'* +

3p—3)!
with Ao(Z)—ZZ( ) %

p=>1

(a5 %))

= = —1+2F1 S A YA A

3 33 2 2

- 2\? Gp)! 2 (1 . Z

AZ) = Z (5) me :,/5 sin (§ arcsin (3,/ E)) . (529

p=0
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while

3ZA'(2Z)
CA@)
Going to a fixed n ensemble, we deduce from this expansion that

12" 3ZA(Z) [

W, = Ay(Z) +log A(Z) — F(D;p)e? +.... (5.30)

37/ " o 2enRs) . —£2 . g2
Wlgr 2 A(Z) . d&i& e F(D; —§7) 53
- 12" 3zA(Z - . '
Wilgn ~ - (2) where W, = lim W,

2/mn3?  A(Z) d—o0

at large n so that, taking the ratio of these quantities, we get the same asymptotic distribution
function ® (D) as in section 3 for the rescaled distance D. In the Z < 2/9 regime, the length of
the boundary does not scale with n and quadrangulations with a self-avoiding boundary stay,
in the scaling limit, in the universality class of the Brownian map.

To study the regime Z > 2/9, we must now set

Z = gui(Z)(1 —7Ve€) (5.32)

and keep d finite. We introduce the notations

1
Xeit(Z) = E(27Z —8+9VZ(16+92)

- \/6\/24322 +1447Z —32+3(27Z - 8)/Z2(16 +9Z))

~=crit _ = 1 - (icrit(z))d
¢ = O @)™

Here %4 (Z) is simply the value of x when g = Z.(Z). With these notations, we have the
expansion

(5.33)

~=crit
1

W= (1 + %) — C(D)VT eV, (5.34)

where C(Z) is some function of Z (with no singularity for Z > 2/9) which we do not make
explicit. We then find the expansion

W 4 +21];clrit . 3 (fzrit . ];2:1}1)
d= =cri 5 [, Foit | xcn
877 267" -7

~ 4415 ~crit 9 =crit j:cril _ j:cril 9]7.crit _ f.cril
AN { 12f1 N f41 (/4 ~d;ilt)( 1 Jd ) (5.35)
Bf" 1)
and the similar expansion
=cri Zcrit Zcrit
W, = {2—3f? 't log <§(3f? —fi,il))}
=crit Zcrit Zcrit
91 267 = Ta)
3 i 24 3fcm eriten fcrlt _ fcrlt
- C(Z)\/GEI/Z {Tl + 9(f1 t) Zcrit ( ~dcril j:rilt) Zcrit ' (5.36)
Gf" =70 )BT = Tan)

In the fixed n ensemble, we deduce that the ratio Wé lgn/ Wéo |¢» tends at large n to the cumulative
distribution function for d:
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3d)

1r

20 40 60 80 100 d
Figure 14. Plots of the (non-universal) cumulative distribution function ¢z (d) for Z approaching
the critical value 2/9 from above, namely Z = 0.23, 0.225, 0.223 and 0.2227 (dotted plots from

left to right). Beside each plot, we display the corresponding (universal) limiting scaling form
(solid line) of equation (5.38).

~crity 2 ~crit ~crit
‘}Z (d) =1+ 54(fl~c2it ~crit (f~dcril_ ffl(;:llt) ~crit
24377 B = )G = Fan)

27x(1 +x +x2) !1 (s =) (G5 — ) }

a2 | (F ) (B + )

with x = Ferit(Z). (5.37)

Note that this distribution is different from the distribution ¢, (d) of equation (4.39) obtained
for a non-self-avoiding boundary. When Z approaches the critical value 2/9, however, we
have

¢z(d) ~ tanh®(d B(Z)) with B(Z)=3,/Z -3, (5.38)

and we recover the universal scaling form of equation (4.40). The function d7(d) is plotted
against its scaling form (5.38) for Z = 0.23, 0.225, 0.223 and 0.2227 in figure 14.
Finally, to study the regime Z ~ 2/9, we can set

g=150—pe)

Z=3%(1-fppe? (5.39)
d=De'*

if we work with a fixed value of Z, or alternatively replace the second equation by
p=Pe /2 (5.40)

if we work in a fixed p ensemble. In the first ensemble, we have the expansion
Wa—Wo—1) =3 (1 -/ *H(D; u, ip/3) +- )
Wy — (Wo—1) =log(3) — €' *H (D; u, fig/3) +---

with H as in (4.52), while W, = 4/3 + O(€'/?). We thus recover the same scaling function as
that obtained for non-self-avoiding boundaries, with a simple renormalization of the ‘boundary
cosmological constant’ by 1/3.

(5.41)
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In the fixed length ensemble, we obtain from (5.19) the scaling behavior
Walzr
©/2)r

with H as in (4.59). Except for the trivial factor 9/4, we recover again the same scaling
function as that obtained for non-self—avoiding boundaries, with now a renormalizaEion of the
perimeter by a factor of 3. As for W), since it has the same singular behavior as W; up to a
factor 3/2, we deduce
W20
©/2)r
This behavior can also be obtained directly by taking the scaling limit of (5.20).
After going to the fixed n ensemble and taking the appropriate ratio WL;| ez /VNV(;C| 27>
we now find that
D war-woiaing (D, P) = ®(D, 3P) (5.44)

boundary

9 _
~ 63/4ZH(D; 3P; ) (5.42)

3
~ 34 EH(D; 3P; ). (5.43)

for the distribution function for D in the fixed p ensemble.

Note that the ratio W,|z» / W(} | z» tends to 3/2 which may be interpreted as the asymptotic
average number of boundary vertices closest to the origin in the case of a self-avoiding
boundary. This number is independent of D in the scaling regime.

To conclude, large quadrangulations with a self-avoiding boundary behave essentially
as large quadrangulations with a non-self-avoiding boundary, as far as the bulk—boundary
distance is concerned. For boundary lengths of the order n'/2, quadrangulations with a self-
avoiding boundary of length P behave as quadrangulations with a non-self-avoiding boundary
of length 3 P. This suggests that, in quadrangulations with a non-self-avoiding boundary, only
one of the irreducible components is macroscopic and has a boundary of length equal to 1/3 of
the total perimeter, while all the other components are microscopic but altogether, the lengths
of their boundaries represent 2/3 of the total perimeter.

6. Self-avoiding loops

We end this paper by a study of the statistics of distances in quadrangulations with a self-
avoiding loop. As already discussed in section 2, a self-avoiding loop is a closed path made
of consecutive edges of the quadrangulation, which is simple, i.e. visits any vertex at most
once. For convenience, we shall suppose that the loop is oriented. Upon cutting along the
loop, we obtain two quadrangulations with a self-avoiding boundary, constrained to have the
same perimeter. The orientation allows us to distinguish these two pieces as left and right. We
can now express a number of generating functions for this problem in terms of the generating
functions found in section 4.

A first simple generating function is that of quadrangulations with a self-avoiding loop
with a marked vertex on the loop. It reads immediately

Qg ) =Y ¥ Wolg, D)z, (6.1)
p=l1

where g is the weight per face while ,/y is a weight per edge of the loop (the length of the
loop is necessarily even).

Another interesting quantity involving the distance is the generating function for
quadrangulations with a self-avoiding loop with a marked vertex at distance less than or
equal to d, lying to the right of the loop (or possibly on the loop itself). It reads

Qu(g.y) =Y y'Wo(g. D)z Wj(g. Z)lz» (6.2)
p=1
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if the configurations are counted with their usual inverse symmetry factor. This can be seen
by first noting that the generating function for the same objects with an additional marking
of a closest vertex on the loop is obviously given by ZP>1 yPWo(g, Z)|2»Wa(g, Z)|z» upon
gluing the two boundaries in such a way that their marked vertices coincide. Removing the
marked closest vertex, we see that a given configuration is over-counted by a factor of k equal
to the number of closest vertices on the loop. Dividing by this factor k£ amounts to replacing
W, by W{; as in section 4. Note that, clearly, the quantity €2, is related to the quantity I'y of
section 2 by

Ly =Q4— Qa-1, o = Q. (6.3)

From the exponential growth Wy ~ (9/2)” and W", ~ (9/2)?, we immediately deduce that a
transition occurs now at y = y with

2
Yerit = (%) = % 6.4

For y < 4/81, the typical values of p contributing to €2,(g, y) remain finite when g tends to

its critical value 1/12. Setting
g=pl-pe
d=De 4,

we may use (5.27) and (5.28) to write

P _ 2 ? _ B
gd|vﬂ=4<‘_‘> (M) +2(i) Bp—1! Bp—3)!
AN S 9) p'p)t plp - D!

x {1 =3p F(D; wye' +-..} (6.6)

for p > 1. Summing over p with a weight y”, we obtain
Q= a(y) — b(NF(D; e +

. - AN G- [ Gp-3  (Gp-1D!
with “(”‘22<5) Y a1 (szzp—l)!* p!(zp)!>

p=>1

Gp—-3! Gp-D!
b(y)_6;< ) i ©7

which are functions of y with no singularity for y < 4/81. Going to a fixed n ensemble and
considering large values of n, we immediately deduce from the singular behavior (6.7) that the
cumulative distribution function for the rescaled distance D = d/n'/* from the marked vertex
in the bulk to the self-avoiding loop is again, in the regime y < yg;, equal to the universal
two-point function @ (D) of the Brownian map, as given by equation (4.22). In this regime,
the size of the loop does not scale with n and becomes negligible in the large » limit.

In the regime y > 4/81, we expect that the dominant singularity corresponds to large
values of p. In this case, we may use (5.16) and (5.20) to write the large p behavior

RNT 1 [ 1 (s = ()t
faly ( 4 ) n(@ﬁ(ﬁ”){(ﬁ_l) 2{1 22 G ”

(6.5)

_ (27gR3)2” I ((1—3f1)(2+3f1)) {1+ 547 fa— fan }
4 7 (3p)? 1817 2431 Bfi = f)Bfi = far) |
(6.8)
The line y(27gR3/4)* = 1 defines the critical value g.;(y) of g for y >y, namely
gcril()’) = gcrit(ﬁ) (6.9)
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with g.(Z) as in equation (5.22). Upon summing over p with a weight y”, the p-dependent
prefactor gives rise when ((27/4)g R*)?> y — 1 to a singularity

2 2 2
1 27gR3>2 (27gR3) ( g ) ( g >
— (1= log [ 1— 1— log (1— .
2( ( )Y 4 ) ) wmm ) B

(6.10)

This singularity translates into an asymptotic behavior of the form (8. (v)) ™" /n* for Q4| g at
large n, with a multiplicative factor proportional to the d-dependent coefficient in (6.8), taken
atx = x(8erit(y)) = X(/y). Note that this d-dependent coefficient comes from VVL} only and
we therefore recover in the fixed n ensemble (and in the regime y > 4/81) the same form
(5.37) for the cumulative distribution function ¢ (d) for d provided we identify Z = /Y in
this formula.

The most interesting situation is when y is in the vicinity of 4/81. Alternatively, we may
work in the fixed length ensemble and study the scaling limit (6.5) with moreover

p="Pec ' (6.11)
In this limit, we may use the relation (5.43) and the relation

W0|Zp 5/4 e 3VHP

— ~ 1+3P 6.12

O/2)r J_(3P)5/2( Vi 12
inherited from (5.16) to deduce that

Qqlzr , ., eTVEP

I RWCORE
= ?H(D, P; u) with

(1+3P /m)H(D; 3P; 1)

H(D, P;n) = 22;4 (1+3P. /1) {1+(3f 2£%(D; p)) / dK e—fi—zf(’)?“)’fzK} ,
(6.13)
involving a new universal scaling function H(D, P; ).
For small P, we have

AD, Pip) "R (L= BPYFDi ) +-) (6.14)
which matches the large p behavior of 4|,» in the regime y < 4/81. For large P, we have
instead

D, P: )" 2738 (Z;):fta (\/;N“ D) . (6.15)
If we now turn to the fixed n ensemble, in the limit of large n, with the scaling

p=Pn'?, (6.16)
we get a cumulative distribution function

&(D, P) = 18+P:§;_2 or? Z dg % e ¥ A(D, P; —£Y), (6.17)

which measures the probability that a vertex chosen uniformly at random in the quadrangulation
with a self-avoiding loop of rescaled length 2 P be at a rescaled distance less than D from this
loop. This is a new universal distribution which cannot be reduced to the distribution ®(D, P)
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of previous sections by a simple rescaling of P. It is plotted in figure 4 for P = 0.01, 0.1, 0.2,
0.5 and 1.0. For small D and fixed P, we have the expansion

. 9 ., 31+9P2+162P* _,
&D,P)=-PD - —
2 2 1+18P2

From (6.14), we see that ﬁ>(D, P) — @ (D) at small P for fixed D, as expected. From (6.15),
and via a saddle point estimate of the integral over &, we find that, for P — oo, the typical
value of D is of order P—1/2, with the scaling form

&(D, P) ~ tanh? (@D VP), (6.19)

i.e. we recover the general form found in previous sections.

(6.18)

7. Discussion and conclusion

To briefly summarize our results, we have been able to find discrete exact expressions for
the bulk—boundary and boundary—boundary correlators for quadrangulations with a generic
boundary. In the case of a self-avoiding boundary, we have been only able to express the bulk—
boundary correlator, leading eventually to results for a model of self-avoiding loop. From our
discrete expressions, we identified three scaling regimes for which we gave the asymptotic
behaviors.

Most of the above results follow from the discovery of the ‘master formula’ (2.5) for
W,, which is remarkable in itself. This is yet another manifestation of the still mysterious
integrability of the equations governing distance statistics in maps, as already observed for
the two-point and three-point functions. Here two levels of integrability are involved, first
for the equation determining R;, involving the parameter g only, and then for equation (3.6)
determining W,, involving z and R, as an ‘external potential’. In this respect, it is worth
mentioning that we have a continued fraction expansion

1
Wy=——5— 7.1
d = Ro (7.1)
_ ZRyp
and furthermore, we have the conserved quantity
Wy — g2 RyRy RisaWyWi Wy = W — gz RBW3 forall d. (7.2)

This identity may be checked directly from the explicit expression (3.12) for W,. Alternatively,
using (3.5) to expand both sides of this equation in powers of z, it is equivalent to an infinite
number of conserved quantities involving R; and g only, and it is easy to check that those
correspond precisely to the conserved quantities found in [28].

Another remarkable fact is the strong similarity, already apparent at the discrete
level, between the bulk—boundary correlators for generic and self-avoiding boundaries.
Unfortunately, we have not been able to exhibit the same phenomenon for boundary—boundary
correlators. Furthermore, had we gone over this problem, we are still far from understanding
the distance statistics between two points lying on a self-avoiding loop: the loop and geodesics
may cross each other, which prevents the decoupling of both sides observed in (6.2) for the
bulk—loop correlator.

Our universal expressions are properties of what could be called the Brownian map with
a boundary. In this respect, we may wonder whether these results may be re-obtained in
a purely continuous formalism, which would likely require a proper probabilistic definition
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of this object. At a more physical level, we note that the expression (4.78) may be re-
derived from the solution P(D, U; u) of some diffusion equation in a potential 7 (D; u) as in
equation (4.11):
0 92
wu’ =
Here P describes the law of the position D at time U of a particle diffusing in the potential F
in one spatial dimension. Discarding normalization factors, it reads

P — FP. (7.3)

Us/2
with f(D; ) as in (4.7). The expression (4.78) can be obtained by considering the quantity
P(D,U; n)P(D, P — U; w), setting u = —&?2 and performing the usual appropriate integral
over & to go to a fixed area ensemble, and finally introducing the rescaled variables § = D//P
and u = U/P. Heuristically, P(D, U; w)P(D, P — U; p) is the continuous counterpart of
the generating function for Dyck paths of fixed length, constrained to reach some prescribed
height at some given step. The potential 7 (D; ) is the continuous counterpart of the weight
R, attached to each descent d — d — 1 of the Dyck path.

To conclude, let us list a few possible generalizations of our results. We expect integrability
to survive when considering maps with faces of degrees other than 4, as found for the two-point
function in [12]. We may also consider maps of higher genus and/or with several boundaries.
For instance, [6] and [7] give continuous results for surfaces with two boundaries at a prescribed
mutual distance, for which discrete formulae may as well exist. Finally, introducing multiple
boundaries may pave the way for understanding the distance statistics in the general O(N)
loop model on dynamical random lattices.

PD,U: ) o & e~ (D? — 2U +2UDFf(D; w)), (7.4)
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